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Abstract
In this paper, the author proves the global structure stability of the Lax’s Riemann solution
u ¼ Uðx
t
Þ; containing only shocks and contact discontinuities, of general n  n quasilinear
hyperbolic system of conservation laws. More precisely, the author proves the global existence
and uniqueness of the piecewise C1 solution u ¼ uðt; xÞ of a class of generalized Riemann
problem, which can be regarded as a perturbation of the corresponding Riemann problem, for
the quasilinear hyperbolic system of conservation laws; moreover, this solution has a global
structure similar to that of the solution u ¼ Uðx
t
Þ: Combining the results in Kong (Global
structure instability of Riemann solutions of quasilinear hyperbolic systems of conservation
laws: rarefaction waves, to appear), the author proves that the Lax’s Riemann solution of
general n  n quasilinear hyperbolic system of conservation laws is globally structurally stable
if and only if it contains only non-degenerate shocks and contact discontinuities, but no
rarefaction waves and other weak discontinuities.
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1. Introduction and main results
Consider the following quasilinear system of conservation laws:
@u
@t
þ
@f ðuÞ
@x
¼ 0; ð1:1Þ
where u ¼ ðu1;y; unÞ
T is the unknown vector function of ðt; xÞ; f :Rn-Rn is a given
C3 vector function of u:
Suppose that on the domain under consideration, system (1.1) is strictly
hyperbolic, i.e., the Jacobi matrix AðuÞ ¼ rf ðuÞ possesses n distinct real eigenvalues:
l1ðuÞol2ðuÞ?olnðuÞ: ð1:2Þ
For i ¼ 1;y; n; let liðuÞ ¼ ðli1ðuÞ;y; linðuÞÞ (resp., riðuÞ ¼ ðri1ðuÞ;y; rinðuÞÞ
T ) be a left
(resp., right) eigenvector corresponding to liðuÞ: Without loss of generality, we may
suppose that on the domain under consideration
liðuÞrjðuÞ  dij ði; j ¼ 1;y; nÞ ð1:3Þ
and
rTi ðuÞriðuÞ  1 ði ¼ 1;y; nÞ; ð1:4Þ
where dij stands for the Kronecker’s symbol.
Clearly, all liðuÞ; lijðuÞ and rijðuÞ ði; j ¼ 1;y; nÞ have the same regularity as AðuÞ;
i.e., C2 regularity.
Suppose furthermore that on the domain under consideration, each characteristic
is either genuinely nonlinear in the sense of Lax (cf. [13]):
rliðuÞriðuÞa0 ð1:5Þ
or linearly degenerate in the sense of Lax:
rliðuÞriðuÞ  0: ð1:6Þ
We are interested in the global structure stability (in the sense of Deﬁnitions 1.1
and 1.2) of the similarity solution of the Riemann problem for system (1.1) with the
following piecewise constant initial data:
t ¼ 0: u ¼
uˆ; xp0;
uˆþ; xX0;
(
ð1:7Þ
where uˆ7 are two constant vectors satisfying
uˆauˆþ: ð1:8Þ
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Let
y ¼ juˆ  uˆþj: ð1:9Þ
When y > 0 is suitably small, by Lax [13], the Riemann problem (1.1) and (1.7)
admits a unique similarity solution u ¼ Uðx
t
Þ with small amplitude. This solution
consists of at most n þ 1 constant states uˆ ð0Þ ¼ uˆ; uˆ ð1Þ;y; uˆ ðn1Þ; uˆ ðnÞ ¼ uˆþ
separated by shocks, centered rarefaction waves (corresponding characteristics are
genuinely nonlinear) or contact discontinuities (corresponding characteristics are
linearly degenerate). For the sake of simplicity, this kind of solution is called the
Lax’s Riemann solution of system (1.1).
In general case, we assume that the Riemann problem (1.1) and (1.7) has a
similarity solution u ¼ Uðx
t
Þ; which consists of n þ 1 constant states uˆ ð0Þ ¼
uˆ; uˆ ð1Þ;y; uˆ ðn1Þ; uˆ ðnÞ ¼ uˆþ separated by centered rarefaction waves, shocks or
contact discontinuities. See Fig. 1.
In order to introduce the concept of global structure stability of the similarity
solution u ¼ Uðx
t
Þ; we consider a class of generalized Riemann problem for system
(1.1) with the following piecewise C1 initial data:
t ¼ 0: u ¼
uˆ þ euðxÞ; xp0;
uˆþ þ euþðxÞ; xX0;
(
ð1:10Þ
where e ð0oe5yÞ is a small parameter, u7ðxÞ are C1 vector functions deﬁned for
xX0 and for xp0; respectively.
Deﬁnition 1.1. We say the similarity solution u ¼ Uð t
x
Þ is globally structurally stable
with respect to ðuðxÞ; uþðxÞÞ; if for every k > 0 there exists e0 ¼ e0ðu7; kÞ > 0 such
that for any given eA½0; e0; the generalized Riemann problem (1.1), (1.10) admits a
unique global piecewise C1 solution u ¼ uðt; xÞ containing shocks, centered
rarefaction waves or contact discontinuities with small amplitude on tX0; moreover,
Fig. 1. Riemann solution u ¼ Uðx
t
Þ:
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this solution possesses a global structure similar to that of the similarity solution
u ¼ Uðx
t
Þ (cf. [16,19]), and it holds that
ju ðiÞðt; xÞ  uˆ ðiÞjpk; 8 ðt; xÞAOi; ð1:11Þ
where Oi stands for the domain where u ¼ uðt; xÞ satisﬁes (1.1) in the classical sense,
and u ðiÞðt; xÞ is the restriction of u ¼ uðt; xÞ on Oi ði ¼ 0; 1;y; nÞ; see Fig. 2.
We say the similarity solution u ¼ Uð t
x
Þ is globally structurally instable with
respect to ðuðxÞ; uþðxÞÞ; if it is not globally structurally stable with respect to
ðuðxÞ; uþðxÞÞ:
Deﬁnition 1.2. The similarity solution u ¼ Uð t
x
Þ is globally structurally stable, if it is
globally structurally stable with respect to any ðuðxÞ; uþðxÞÞA½C10ðR
Þ ?
C10 ðR
ÞT  ½C10ðR
þÞ ? C10 ðR
þÞT :1 The similarity solution is globally structu-
rally instable, if it is not globally structurally stable.
Remark 1.1. In Deﬁnitions 1.1 and 1.2, we do not require the amplitude of the
similarity solution is small.
Remark 1.2. In the case that the similarity solution u ¼ Uð t
x
Þ is globally structurally
instable with respect to ðuðxÞ; uþðxÞÞ; there exists a %k > 0 such that the piecewise C1
solution u ¼ uðt; xÞ of the generalized Riemann problem (1.1) and (1.10):
(a) ceases to exist (‘‘blows up’’) for some xAR; t > 0; or
(b) does not possess a similar structure as the similarity solution u ¼ Uðx
t
Þ; or
(c) involves values: there exists iAf0; 1;y; ng and a point ðt; xÞ such that
ju ðiÞðt; xÞ  uˆ ðiÞj > %k:
For the similarity solutions of the Riemann problem of general quasilinear
hyperbolic systems of conservation laws, the local nonlinear structure stability has
been proved by Li and Yu [19] for one-dimensional case, and by Majda [30] for
multidimensional case. If system (1.1) is strictly hyperbolic and genuinely nonlinear,
Li and Zhao [20] proved the global structure stability of the similarity solution
containing only n shocks. In their work they do not require the amplitude of the
similarity solution is small, although the existence of similarity solutions with non-
small amplitude still remains open. Recently, Li and Kong [18] proved the global
structure stability of the similarity solution with small amplitude of the linearly
degenerate system of conservation laws. In this case the similarity solution contains
only n contact discontinuities. Since both genuinely nonlinear system and linearly
degenerate system are only two extreme cases, many physical systems (for example,
the system of one-dimensional gas dynamics, the system for general motion of an
1C10 ðR
Þ is the class of C1 function jðxÞ deﬁned for xp0; which vanishes for xpa; where ao0 is an
arbitrary given real number. C10 ðR
þÞ can be deﬁned in a similar way.
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elastic string, etc.) do not belong to these two cases (cf. [10]). Therefore, a general
consideration is needed for general hyperbolic systems of conservation laws. In this
paper we shall investigate this kind of systems whose characteristic families might be
either genuinely nonlinear or linearly degenerate. Thus, our main results, Theorems
1.1 and 1.2, can be applied to the system of one-dimensional gas dynamics, the
system for general motion of an elastic string, etc.
To do so, we assume that
(H1) y ¼ juˆ  uˆþj is suitably small.
(H2) The similarity solution u ¼ Uðx
t
Þ of the Riemann problem (1.1) and (1.7)
contains only shocks and contact discontinuities, but no centered rarefaction waves
and other weak discontinuities, i.e.,
u ¼ U
x
t
 
¼
uˆ ð0Þ; xp#l1t;
uˆ ð1Þ; #l1tpxp#l2t;
? ?
uˆ ðn1Þ; #ln1tpxp#lnt;
uˆ ðnÞ; #lntpx;
8>>>><
>>>>:
ð1:12Þ
where x ¼ #lit stands for the ith shock or contact discontinuity ði ¼ 1;y; nÞ:
(H3) There exists a constant m > 0 such that
sup
xp0
fð1 xÞ1þmðjuðxÞj þ ju0ðxÞjÞg
þ sup
xX0
fð1þ xÞ1þmðjuþðxÞj þ ju0þðxÞjÞgoN: ð1:13Þ
Remark 1.3. Hypothesis (H1) is the usual assumption to solve the classical Riemann
problem. Hypothesis (H2) is essential: if u ¼ Uðx
t
Þ contains centered rarefaction
waves or other weak discontinuities, then the results in the present paper are not
Fig. 2. Piecewise C1 solution u ¼ uðt; xÞ:
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valid (cf. [12]). Hypothesis (H3) is also essential because of the counter example given
in [10].
The main result in this paper is the following.
Theorem 1.1. Under the assumptions mentioned at the beginning of this section and
Hypotheses (H1)–(H3), there exists a constant e0 > 0 so small that for any given
eAð0; e0; the generalized Riemann problem (1.1) and (1.10) admits a unique global
piecewise C1 solution u ¼ uðt; xÞ containing only shocks and contact discontinuities
(denoted by x ¼ xiðtÞ ði ¼ 1;y; nÞ) with small amplitude on tX0: This solution
possesses a global structure similar to that of the similarity solution u ¼ Uðx
t
Þ of the
Riemann problem (1.1) and (1.7). More precisely,
u ¼ uðt; xÞ ¼
u ð0Þðt; xÞ; xpx1ðtÞ;
u ð1Þðt; xÞ; x1ðtÞpxpx2ðtÞ;
? ?
u ðn1Þðt; xÞ; xn1ðtÞpxpxnðtÞ;
u ðnÞðt; xÞ; xnðtÞpx;
8>>>><
>>>>:
ð1:14Þ
where all u ðiÞðt; xÞ ði ¼ 0; 1;y; nÞ satisfy system (1.1) in the classical sense on their
corresponding domains, respectively; for i ¼ 1;y; n; u ði1Þðt; xÞ and u ðiÞðt; xÞ are
connected each other by the ith shock (if liðuÞ is genuinely nonlinear) or contact
discontinuity (if liðuÞ is linearly degenerate) x ¼ xiðtÞ; moreover, there exists a positive
constant K independent of e and ðt; xÞ such that
ju ðiÞðt; xÞ  uˆ ðiÞjpKe; 8ðt; xÞAOi ði ¼ 0; 1;y; nÞ; ð1:15Þ
where
O0 ¼ fðt; xÞ j tX0; xpx1ðtÞg; On ¼ fðt; xÞ j tX0; xXxnðtÞg;
Oi ¼ fðt; xÞ j tX0; xiðtÞpxpxiþ1ðtÞg ði ¼ 1;y; n  1Þ: ð1:16Þ
Remark 1.4. If the similarity solution (1.12) contains only n contact discontinuities
but no shocks, then Theorem 1.1 goes back to the result in [18].
Remark 1.5. Here we would like to emphasize that the shocks (if any) in the
similarity solution (1.12) do not degenerate. Otherwise, the piecewise C1 solution
u ¼ uðt; xÞ of the generalized Riemann problem (1.1) and (1.10) may blow up in a
ﬁnite time and new waves will appear (cf. [11,12]). On the other hand, the contact
discontinuities (if any) in the similarity solution (1.12) do not degenerate yet.
Otherwise, the similarity solution (1.12) may be globally structurally instable.
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Therefore, throughout this paper we always assume that all shocks and contact
discontinuities in (1.12) do not degenerate.
As a direct consequence of Theorem 1.1, we have
Theorem 1.2. Under the assumptions of Theorem 1.1, the similarity solution u ¼ Uðx
t
Þ
is globally structurally stable with respect to ðuðxÞ; uþðxÞÞ; where ðuðxÞ; uþðxÞÞ
satisfies (1.13); moreover it is globally structurally stable.
Remark 1.6. Combining Theorems 1.1 and 1.2 and the results in [12], we observe
that the Lax’s Riemann solution of general n  n quasilinear hyperbolic system of
conservation laws is globally structurally stable if and only if it contains only non-
degenerate shocks and contact discontinuities, but no rarefaction waves and other
weak discontinuities.
Remark 1.7. Suppose that system (1.1) might be non-strictly hyperbolic but each
characteristic has a constant multiplicity, say, on the domain under consideration,
l1ðuÞ ?  lpðuÞolpþ1ðuÞo?olnðuÞ ð1pppnÞ; ð1:17Þ
a similar result holds (cf. [15,17]). In this case, the discontinuity corresponding to
liðuÞ ði ¼ 1;y; pÞ must be a contact discontinuity.
Some of the results related to these topics are listed below. Chen and Frid [5,6]
investigated the asymptotic stability of Riemann waves for hyperbolic conservation
laws. Xin [32] presented the nonlinear stability of contact discontinuities for the one-
dimensional compressible Euler equations in Lagrangian coordinates. Smoller et al.
[31] studied the instability of rarefaction shocks in systems of conservation laws. For
the overcompressive shock waves, Liu [23] considered the nonlinear stability and
instability. Bressan and LeFloch [3] gave the structural stability and regularity of
entropy solutions to hyperbolic systems of conservation laws. Lions et al. [21] proved
the existence and stability of entropy solutions for the hyperbolic systems of
isentropic gas dynamics in Eulerian and Lagrangian coordinates. Recently, L1
stability for systems of hyperbolic conservation laws was investigated by Bressan
et al. [4] (cf. [1,2,26,27]). Liu and Xin [24] proved the nonlinear stability of discrete
shocks for systems of conservation laws. Dafermos [7] considered the entropy and
the stability of classical solutions of hyperbolic systems of conservation laws. For a
relaxation system in several space dimensions, Luo and Xin [29] studied the
nonlinear stability of shock fronts. Liu and Xin [25] showed the nonlinear stability of
rarefaction waves for compressible Navier–Stokes equations. Moreover, the
nonlinear stability of an undercompressive shock for complex Burgers equation
was studied by Liu and Zumbrun [28]. For the viscous conservation laws, the theory
of nonlinear stability of shock waves was established (see [22,33] and the references
therein).
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The paper is organized as follows. For the sake of completeness, in Section 2 we
brieﬂy recall John’s formula on the decomposition of waves with some supplements
and give a generalized Ho¨rmander Lemma. In Section 3, we ﬁrst review the
deﬁnitions of shock and contact discontinuity, and then derive some relations on the
shock and contact discontinuity, which will play an important role in our proof.
According to the local existence theorem of discontinuous solutions of the
generalized Riemann problem for quasilinear hyperbolic systems of conservation
laws (cf. [19]), the key point to prove Theorem 1.1 is to establish a uniform a priori
estimate on the piecewise C1 norm of the piecewise C1 solution u ¼ uðt; xÞ on its
existence domain. The biggest difﬁculty is how to estimate the norm related to the
genuinely nonlinear waves with shocks. Using the compression of shock waves, we
overcome successfully this difﬁculty. Using the above technique and combining the
estimate method on the linearly degenerate waves used in [18], we can establish the
uniform a priori estimate on the piecewise C1 norm of the solution, and then prove
Theorem 1.1 in Section 4. In order to emphasize our results obtained here, in the last
section we summarize and state main conclusions of this paper.
2. John’s formula, generalized Ho¨rmander lemma
Suppose that on the domain under consideration, system (1.1) is strictly
hyperbolic and (1.3) and (1.4) hold.
Let
vi ¼ liðuÞu ði ¼ 1;y; nÞ; ð2:1Þ
wi ¼ liðuÞux ði ¼ 1;y; nÞ; ð2:2Þ
where liðuÞ ¼ ðli1ðuÞ;y; linðuÞÞ denotes the ith left eigenvector.
By (1.3), it is easy to see that
u ¼
Xn
k¼1
vkrkðuÞ ð2:3Þ
and
ux ¼
Xn
k¼1
wkrkðuÞ: ð2:4Þ
Let
d
dit
¼
@
@t
þ liðuÞ
@
@x
ð2:5Þ
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be the directional derivative along the ith characteristic. We have (cf. [10])
dvi
dit
¼
Xn
j; k¼1
bijkðuÞvjwk ði ¼ 1;y; nÞ; ð2:6Þ
where
bijkðuÞ ¼ ðlkðuÞ  liðuÞÞliðuÞrrjðuÞrkðuÞ: ð2:7Þ
Hence, we have
bijiðuÞ  0; 8 j: ð2:8Þ
On the other hand, we have (cf. [9] or [10])
dwi
dit
¼
Xn
j; k¼1
gijkðuÞwjwk ði ¼ 1;y; nÞ; ð2:9Þ
where
gijkðuÞ ¼
1
2
fðljðuÞ  lkðuÞÞliðuÞrrkðuÞrjðuÞ
 rlkðuÞrjðuÞdik þ ð jjkÞg; ð2:10Þ
in which ð jjkÞ denotes all the terms obtained by changing j and k in the previous
terms. Hence,
gijjðuÞ  0; 8 jai ði; j ¼ 1;y; nÞ ð2:11Þ
and
giiiðuÞ  rliðuÞriðuÞ ði ¼ 1;y; nÞ: ð2:12Þ
When the ith characteristic liðuÞ is linearly degenerate in the sense of Lax, by (1.6) we
have
giiiðuÞ  0: ð2:13Þ
Moreover, we have (cf. [8] or [10])
d½wiðdx  liðuÞ dtÞ ¼
Xn
j; k¼1
GijkðuÞwjwk dt4dx ð2:14Þ
and then
@wi
@t
þ
@ðliðuÞwiÞ
@x
¼
Xn
j; k¼1
GijkðuÞwjwk; ð2:15Þ
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where
GijkðuÞ ¼ gijkðuÞ þ
1
2
½rliðuÞrjðuÞdik þ ð jjkÞ: ð2:16Þ
Noting (2.10), we have
GijjðuÞ  0; 8 i; j: ð2:17Þ
Lemma 2.1 (Generalized Ho¨rmander Lemma). Suppose that u ¼ uðt; xÞ is a
piecewise C1 solution of system (1.1), t1 and t2 are two C1 arcs which are never
tangent to the ith characteristic direction, and D is the domain bounded by t1; t2 and
two ith characteristic curves Li and L
þ
i : Suppose furthermore that the domain D
contains m C1 discontinuous curves of u; denoted by Cˆj: x ¼ xjðtÞ ð j ¼ 1;y; mÞ which
are never tangent to the ith characteristic direction. Then we haveZ
t1
jwiðdx  liðuÞ dtÞjp
Z
t2
jwiðdx  liðuÞ dtÞj
þ
Xm
j¼1
Z
Cˆj
j½wi dx  ½wiliðuÞ dtj
þ
Z Z
D
Xn
j; k¼1
GijkðuÞwjwk











 dt dx; ð2:18Þ
where GijkðuÞ is given by (2.16) and ½wi ¼ wþi  w

i denotes the jump of wi across the
discontinuous curve Cˆj ð j ¼ 1;y; mÞ; etc.
The proof can be found in [18].
3. Shock wave and contact discontinuity
In this section we ﬁrst review the deﬁnitions of shock and contact discontinuity
and then derive some relations on the shock and contact discontinuity, which will
play an important role in our proof.
Deﬁnition 3.1. u ¼ uðt; xÞ is called a piecewise C1 solution containing a kth shock
x ¼ xkðtÞ ðxkð0Þ ¼ 0Þ; if u ¼ uðt; xÞ satisﬁes system (1.1) out of x ¼ xkðtÞ in the
classical sense and satisﬁes the following Rankine–Hugoniot condition on x ¼ xkðtÞ:
f ðuþÞ  f ðuÞ ¼ sðuþ  uÞ ð3:1Þ
and the entropy condition:
lkðuþÞosolkðuÞ; lkþ1ðuþÞ > s > lk1ðuÞ; ð3:2Þ
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where u7 ¼ u7ðt; xkðtÞÞ9uðt; xkðtÞ70Þ and s ¼
dxkðtÞ
dt
(when k ¼ 1 (resp., k ¼ n), the
term lk1ðuÞ (resp., lkþ1ðuþÞ) disappears in (3.2)).
Deﬁnition 3.2. u ¼ uðt; xÞ is called a piecewise C1 solution containing a kth contact
discontinuity x ¼ xkðtÞ ðxkð0Þ ¼ 0Þ; if u ¼ uðt; xÞ satisﬁes system (1.1) out of x ¼
xkðtÞ in the classical sense and satisﬁes the Rankine–Hugoniot condition (3.1) on
x ¼ xkðtÞ and
s ¼ lkðuþÞ ¼ lkðuÞ; ð3:3Þ
where u7 ¼ u7ðt; xkðtÞÞ9uðt; xkðtÞ70Þ and s ¼
dxkðtÞ
dt
:
Deﬁnitions 3.1 and 3.2 can be found in [13] or [19].
Lemma 3.1. On the kth shock or contact discontinuity x ¼ xkðtÞ; it holds that
vþi ¼ v

i þ Oðjv
7j2Þ ði ¼ 1;y; k  1; k þ 1;y; nÞ; ð3:4Þ
provided that ju7j is small, where vi is defined by (2.1) and v
7
i 9viðt; xkðtÞ70Þ:
Proof. We ﬁrst prove that (3.4) holds on the kth shock.
Introduce
Aðu; uþÞ ¼
Z 1
0
rf ðu þ sðuþ  uÞÞ ds: ð3:5Þ
It follows from (1.2) that if juþ  uj is suitably small, then Aðu; uþÞ has n distinct
real eigenvalues:
l1ðu; uþÞol2ðu; uþÞ?olnðu; uþÞ: ð3:6Þ
Let liðu; uþÞ ¼ ðli1ðu; uþÞ;y; linðu; uþÞÞ be a left eigenvector corresponding to
liðu; uþÞ: It is easy to check that conditions (3.1) and (3.2) are equivalent to (e.g., see
[19, Chapter 6])
liðu; uþÞðuþ  uÞ ¼ 0 ði ¼ 1;y; k  1; k þ 1;y; nÞ; ð3:7Þ
s ¼ lkðu; uþÞ and lkðuÞ > lkðuþÞ: ð3:8Þ
Moreover, using the smallness of ju7j; we have
liðu; uþÞ ¼ liðuþÞ þ Oðjuþ  ujÞ ði ¼ 1;y; nÞ: ð3:9Þ
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Then, noting (1.3), (2.3) and using (3.9), we obtain from (3.7) that
vþi ¼
Xn
j¼1
vj liðu
þÞrjðuÞ þ Oðjuþ  uj  jv7jÞ
ði ¼ 1;y; k  1; k þ 1;y; nÞ;
namely,
vþi ¼ v

i þ
Xn
j¼1
vj ðliðu
þÞ  liðuÞÞrjðuÞ þ Oðjuþ  uj  jv7jÞ
¼ vi þ Oðju
þ  uj  jv7jÞ ði ¼ 1;y; k  1; k þ 1;y; nÞ: ð3:10Þ
Noting (2.3) again, we obtain (3.4) immediately.
Similarly, we can prove that (3.4) is also valid on the kth contact discontinuity.
The proof of Lemma 3.1 is completed. &
Remark 3.1. For the case of contact discontinuity, Li and Kong proved (3.4) in a
different way (see [18]).
The following lemma comes from Li and Kong [18], here we omit its proof.
Lemma 3.2. On the kth contact discontinuity x ¼ xkðtÞ; for i ¼ 1;y; k  1;
k þ 1;y; n; we have
wi  w
þ
i ¼ ðlkðu
Þ  liðuÞÞ
2F; ð3:11Þ
where
F ¼ ½ðlkðuþÞ  liðuþÞÞ
2  ðlkðuÞ  liðuÞÞ
2wþi
þ
X
jak
ðlkðuþÞ  ljðuþÞÞ
2wþj ðliðu
Þ  liðuþÞÞrjðuþÞ
þ
X
jak
ðlkðu7Þ  ljðu7ÞÞw7j ðrlkðu
7Þrjðu7ÞÞliðuÞðuþ  uÞ; ð3:12Þ
wi is defined by (2.2) and w
7
i ¼ w
7
i ðt; xkðtÞÞ9wiðt; xkðtÞ70Þ:
On the other hand, we have
Lemma 3.3. On the kth shock x ¼ xkðtÞ; for i ¼ 1;y; k  1; k þ 1;y; n; it holds that
wi  w
þ
i ¼ ðlkðu
; uþÞ  liðuÞÞ
2ðC1 þC2Þ; ð3:13Þ
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where
C1 ¼ ½ðlkðu; uþÞ  liðuþÞÞ
2  ðlkðu; uþÞ  liðuÞÞ
2wþi
þ
X
jak
ðlkðu; uþÞ  ljðuþÞÞ
2wþj ðliðu
Þ  liðuþÞÞrjðuþÞ
þ
X
jak
ðlkðu; uþÞ  ljðuÞÞwj ðrulkðu
; uþÞrjðuÞÞ
(
þ
X
jak
ðlkðu; uþÞ  ljðuþÞÞwþj ðruþlkðu
; uþÞrjðuþÞÞ
)
 liðuÞðuþ  uÞ ð3:14Þ
and
C2 ¼ ðlkðu; uþÞ  lkðuþÞÞ
2wþk ðliðu
Þ  liðuþÞÞrkðuþÞ þ fðlkðu; uþÞ
 lkðuÞÞwk ðrulkðu
; uþÞrkðuÞÞ þ ðlkðu; uþÞ
 lkðuþÞÞwþk ðruþlkðu
; uþÞrkðuþÞÞgliðuÞðuþ  uÞ: ð3:15Þ
Proof. Noting the ﬁrst equation in (3.8), we observe that the Rankine–Hugoniot
condition (3.1) can be rewritten as
f ðuþÞ  f ðuÞ ¼ lkðu; uþÞðuþ  uÞ; ð3:16Þ
where u7 ¼ u7ðt; xkðtÞÞ9uðt; xkðtÞ70Þ: Differentiating (3.16) with respect to t yields
rf ðuþÞDkuþ rf ðuÞDku
¼ lkðu; uþÞðDkuþ  DkuÞ
þ ðrulkðu; uþÞDku þruþlkðu; uþÞDkuþÞðuþ  uÞ; ð3:17Þ
where
Dk ¼ @t þ lkðu; uþÞ@x: ð3:18Þ
By (1.1) and (2.4), it is easy to see that
Dku ¼ ut þ lkðu; uþÞux ¼
X
jak
ðlkðu; uþÞ  ljðuÞÞwjrjðuÞ; ð3:19Þ
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then it follows from (3.17) that
Xn
j¼1
½ðlkðu; uþÞ  ljðuÞÞ
2wj rjðu
Þ  ðlkðu; uþÞ  ljðuþÞÞ
2wþj rjðu
þÞ
¼
Xn
j¼1
ðlkðu; uþÞ  ljðuÞÞwj rulkðu
; uþÞrjðuÞ
(
þ
Xn
j¼1
ðlkðu; uþÞ  ljðuþÞÞwþj ruþlkðu
; uþÞrjðuþÞ
)
ðuþ  uÞ: ð3:20Þ
Multiplying (3.20) by liðuÞ ðiakÞ and noting (1.3) gives
ðlkðu; uþÞ  liðuÞÞ
2wi 
Xn
j¼1
ðlkðu; uþÞ  ljðuþÞÞ
2wþj liðu
ÞrjðuþÞ
¼ liðuÞ
Xn
j¼1
ðlkðu; uþÞ  ljðuÞÞwj rulkðu
; uþÞrjðuÞ
(
þ
Xn
j¼1
ðlkðu; uþÞ  ljðuþÞÞwþj ruþlkðu
; uþÞrjðuþÞ
)
ðuþ  uÞ;
namely,
ðlkðu; uþÞ  liðuÞÞ
2ðwi  w
þ
i Þ
 ½ðlkðu; uþÞ  liðuþÞÞ
2  ðlkðu; uþÞ  liðuÞÞ
2wþi

Xn
j¼1
ðlkðu; uþÞ  ljðuþÞÞ
2wþj ðliðu
Þ  liðuþÞrjðuþÞ
¼ liðuÞ
Xn
j¼1
ðlkðu; uþÞ  ljðuÞÞwj rulkðu
; uþÞrjðuÞ
(
þ
Xn
j¼1
ðlkðu; uþÞ  ljðuþÞÞwþj ruþlkðu
; uþÞrjðuþÞ
)
ðuþ  uÞ: ð3:21Þ
From (3.21) we obtain the desired (3.13) immediately. This completes the proof. &
Corollary 3.1. On the kth shock x ¼ xkðtÞ; it holds that
wi ¼ w
þ
i þ Oðju
þ  ujðB1 þ B2ÞÞ; ð3:22Þ
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provided that juþ  uj is suitably small, where
B1 ¼
X
jak
jw7j j;
B2 ¼ jðlkðu; uþÞ  lkðuþÞÞwþk j þ jðlkðu
; uþÞ  lkðuÞÞwk j: ð3:23Þ
Proof. Noting
lkðu; uþÞ ¼
lkðuÞ þ lkðuþÞ
2
þ Oðjuþ  uj2Þ; ð3:24Þ
from (3.13) to (3.15), we obtain (3.22) immediately. &
4. Global structure stability—proof of Theorem 1.1
For the sake of simplicity and without loss of generality, we may suppose that
0ol1ð0Þol2ð0Þo?olnð0Þ ð4:1Þ
and
juˆ7jpy: ð4:2Þ
By the existence and uniqueness of local classical discontinuous solutions of
quasilinear hyperbolic systems of conservation laws (cf. [19]), when y > 0 is suitably
small, the generalized Riemann problem (1.1) and (1.10) admits a unique piecewise
C1 solution u ¼ uðt; xÞ (see (1.14)) containing only shocks and contact discontinuities
(denoted by x ¼ xiðtÞ ði ¼ 1;y; nÞ) with small amplitude on the strip 0ptph; where
h > 0 is a small number. Moreover, (1.15) holds on Oi-f0ptphg: In order to prove
Theorem 1.1 it sufﬁces to establish a uniform a priori estimate on the piecewise C0
norm of u and ux on the existence domain of the piecewise C
1 solution u ¼ uðt; xÞ:
By (4.1), there exist two positive constants d and d0 so small that
liþ1ðuÞ  liðvÞX4d0; 8 juj; jvjpd ði ¼ 1;y; n  1Þ; ð4:3Þ
jliðuÞ  liðvÞjp
d0
2
; 8 juj; jvjpd ði ¼ 1;y; nÞ: ð4:4Þ
For the time being it is supposed that on the existence domain of the piecewise C1
solution u ¼ uðt; xÞ we have
ju ðiÞðt; xÞ  uˆ ðiÞjp
ﬃﬃ
e
p
; 8 ðt; xÞAOi ði ¼ 0; 1;y; nÞ: ð4:5Þ
At the end of this section we shall explain that this hypothesis is reasonable.
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It follows from (4.5) that
juðt; xÞjpd ð4:6Þ
on the existence domain of the piecewise C1 solution u ¼ uðt; xÞ; provided that y and
e are suitably small. Thus, to prove Theorem 1.1 we only need to establish a uniform
a priori estimate on the piecewise C0 norm of v and w deﬁned by (2.1) and (2.2) on
the existence domain of the piecewise C1 solution u ¼ uðt; xÞ:
By (4.1) and (4.6), on the existence domain of the piecewise C1 solution we have
0ol1ðuÞol2ðuÞo?olnðuÞ; ð4:7Þ
provided that d is suitably small.
For any ﬁxed T > 0; let
DT ¼ fðt; xÞ j 0ptpT ; xp tg; ð4:8Þ
DT0 ¼ fðt; xÞ j 0ptpT ;  tpxpðl1ð0Þ  d0Þtg; ð4:9Þ
DTþ ¼ fðt; xÞ j 0ptpT ; xXðlnð0Þ þ d0Þtg; ð4:10Þ
DT ¼ fðt; xÞ j 0ptpT ; ðl1ð0Þ  d0Þtpxpðlnð0Þ þ d0Þtg: ð4:11Þ
Moreover, let
I ¼fi j liðuÞ is linearly degenerateg;
J ¼fj j ljðuÞ is genuinely nonlinearg: ð4:12Þ
Noting that each characteristic family is either genuinely nonlinear or linearly
degenerate, then we have
I,J ¼ f1;y; ng: ð4:13Þ
For i ¼ 1;y; n; introduce
DTi ¼fðt; xÞ j 0ptpT ;½d0 þ Zðlið0Þ  l1ð0ÞÞtpx
 lið0Þtp½d0 þ Zðlnð0Þ  lið0ÞÞtg; ð4:14Þ
where Z > 0 is suitably small.
Noting that Z > 0 is small, we observe from (4.3) that
DTi
\
DTj ¼ |; 8 iaj ð4:15Þ
D.-X. Kong / J. Differential Equations 188 (2003) 242–271 257
and
[n
i¼1
DTi CD
T : ð4:16Þ
Lemma 4.1. For each i ¼ 1;y; n; on the domain DT \DTi we have
ctpjx  lið0ÞtjpCt; cxpjx  lið0ÞtjpCx; ð4:17Þ
where c and C are two positive constants independent of y; e and T :
Lemma 4.2. On the existence domain 0ptpT of the piecewise C1 solution u ¼ uðt; xÞ;
the whole ith contact discontinuity ðiAIÞ is included in DTi ; while the jth shock ð jAJÞ is
always in DTj :
Let
VNðDT7Þ ¼ max
i¼1;y;n
jjð1þ jxjÞ1þmðviðt; xÞ  #v
7
i ÞjjLNðDT7Þ; ð4:18Þ
WNðDT7Þ ¼ max
i¼1;y;n
jjð1þ jxjÞ1þmwiðt; xÞjjLNðDT7Þ; ð4:19Þ
VNðDT0 Þ ¼ max
i¼1;y;n
jjð1þ tÞ1þmðviðt; xÞ  #vi ÞjjLNðDT0 Þ; ð4:20Þ
WNðDT0 Þ ¼ max
i¼1;y;n
jjð1þ tÞ1þmwiðt; xÞjjLNðDT
0
Þ; ð4:21Þ
W cNðTÞ ¼ max
i¼1;y;n
sup
ðt;xÞADT \DT
i
ð1þ jx  lið0ÞtjÞ
1þmjwiðt; xÞj; ð4:22Þ
W1ðTÞ ¼ max
i¼1;y;n
sup
0ptpT
Z
DT
i
ðtÞ
jwiðt; xÞj dx; ð4:23Þ
W nJ ðTÞ ¼ max
jAJ
sup
tA½0;T 
jð1þ tÞ1þmðx0jðtÞ
 ljðuðt; xjðtÞ70ÞÞwjðt; xjðtÞ70Þj; ð4:24Þ
W JNðTÞ ¼ max
jAJ
jjð1þ tÞ1þmwjðt; xÞjjLNðDT
j
Þ; ð4:25Þ
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VNðTÞ ¼ max
i¼1;y;n
sup
0ptpT
xAR
jviðt; xÞj; ð4:26Þ
WNðTÞ ¼ max
i¼1;y;n
sup
0ptpT
xAR
jwiðt; xÞj; ð4:27Þ
where
#v7i ¼ liðuˆ
7Þuˆ7 ði ¼ 1;y; nÞ; ð4:28Þ
DTi ðtÞ ðtX0Þ denotes the t-section of D
T
i :
DTi ðtÞ ¼ fðt; xÞ j t ¼ t; ðt; xÞAD
T
i g ði ¼ 1;y; nÞ; ð4:29Þ
x ¼ xjðtÞ stands for the jth shock ð jAJÞ and
x0jðtÞ ¼
dxjðtÞ
dt
¼ ljðuðt; xjðtÞ  0Þ; uðt; xjðtÞ þ 0ÞÞ: ð4:30Þ
Obviously, VNðTÞ is equivalent to
UNðTÞ ¼ max
i¼1;y;n
sup
0ptpT
xAR
juiðt; xÞj: ð4:31Þ
In (4.6), (4.22), (4.25)–(4.27) and (4.31), on any contact discontinuity or shock x ¼
xkðtÞ the values of viðt; xÞ; uiðt; xÞ and wiðt; xÞ are taken to be v7i ðt; xÞ ¼
viðt; xkðtÞ70Þ; u7i ðt; xÞ ¼ uiðt; xkðtÞ70Þ and w
7
i ðt; xÞ ¼ wiðt; xkðtÞ70Þ:
Similar to Lemma 3.3 in [10] (see [10, pp. 36–42]), we have.
Lemma 4.3. Under the assumptions of Theorem 1.1, for small y > 0 there exists a
constant e0 > 0 so small that for any fixed eAð0; e0; on any given existence domain
0ptpT of the piecewise C1 solution u ¼ uðt; xÞ of the generalized Riemann problem
(1.1) and (1.10) there exists a positive constant k1 independent of y; e and T such that
VNðDT7Þ; VNðD
T
0 Þ; WNðD
T
7Þ; WNðD
T
0 Þpk1e: ð4:32Þ
Proof. Consider the Cauchy problem for system (1.1) with the initial data on xp0
(resp., xX0) in (1.10) and make the following transformation:
u˜ ¼ u  uˆ ðresp:; u˜ ¼ u  uˆþÞ:
In a way completely analogous to the proof of Lemma 3.3 in [10], we can prove
(4.32) without any essential difﬁculty. Here we omit the details. &
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Lemma 4.4. Under the assumptions of Theorem 1.1, for small y > 0 there exists a
constant e0 > 0 so small that for any fixed eAð0; e0; on any given existence domain
0ptpT of the piecewise C1 solution u ¼ uðt; xÞ of the generalized Riemann problem
(1.1) and (1.10) there exist positive constants k2 and k3 independent of y; e and T such
that for k ¼ 1;y; n; on the kth shock or contact discontinuity x ¼ xkðtÞ; the following
uniform a priori estimates hold:
jvþi ðt; xkðtÞÞ  v

i ðt; xkðtÞÞjpk2V 2NðTÞ; 8 iak; ð4:33Þ
jwþi ðt; xkðtÞÞ  w

i ðt; xkðtÞÞj; jðwiliðuÞÞ
þðt; xkðtÞÞ  ðwiliðuÞÞ
ðt; xkðtÞÞj
pk3ð1þ tÞð1þmÞVNðTÞðW cNðTÞ þ W nJ ðTÞÞ; 8 iak: ð4:34Þ
Proof. By (4.6), (4.33) directly follows from (3.4). On the other hand, noting (4.3)
and (4.4), (4.6) and (4.17), from (3.11) and (3.13) we obtain the desired (4.34)
immediately. &
Lemma 4.5. Under the assumptions of Theorem 1.1, for small y > 0 there exists a
constant e0 > 0 so small that for any fixed eAð0; e0; on any given existence domain
0ptpT of the piecewise C1 solution u ¼ uðt; xÞ of the generalized Riemann problem
(1.1) and (1.10) there exist positive constants ki ði ¼ 4; 5; 6; 7; 8Þ independent of y; e
and T such that the following uniform a priori estimates hold:
W cNðTÞpk4e; ð4:35Þ
W1ðTÞpk5e; ð4:36Þ
W nJ ðTÞpk6Yme; ð4:37Þ
W JNðTÞpk7Yð1þmÞe; ð4:38Þ
WNðTÞpk8Yð1þmÞe; ð4:39Þ
where
Y ¼ min
jAJ
fljðuˆ ð j1Þ; uˆ ð jÞÞ  ljðuˆ ð jÞÞ; ljðuˆ ð j1ÞÞ  ljðuˆ ð j1Þ; uˆ ð jÞÞg > 0: ð4:40Þ
Proof. We ﬁrst estimate
W˜1ðTÞ ¼ max
i¼1;y;n
max
jai
sup
C˜j
Z
C˜j
jwiðt; xÞj dt; ð4:41Þ
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where C˜j ð jaiÞ stands for any given jth characteristic in DTi : Let
C˜j : x ¼ x˜jðtÞ ðt1ptpt2Þ; ð4:42Þ
where 0pt1pt2pT : By Lemma 4.2, the whole ith discontinuous curve (shock or
contact discontinuity) x ¼ xiðtÞ passing through Oð0; 0Þ is included in DTi : Let P0
ðt0; x˜jðt0ÞÞ be the intersection point of x ¼ xiðtÞ with C˜j : Passing through the point
P1 ðt1; x˜jðt1ÞÞ (resp., P2 ðt2; x˜jðt2ÞÞ) we draw the ith characteristic which intersects the
straight line x ¼ ðl1ð0Þ  d0Þt (resp., x ¼ ðlnð0Þ þ d0Þt) at a point A1ð
y1
l1ð0Þd0
; y1Þ
(resp., A2ð
y2
lnð0Þþd0
; y2Þ). It is easy to see thatZ
C˜j
jwiðt; xÞj dt ¼
Z t0
t1
jwiðt; x˜jðtÞÞj dt þ
Z t2
t0
jwiðt; x˜jðtÞÞj dt: ð4:43Þ
We now estimate
R t2
t0
jwiðt; x˜jðtÞÞj dt:
Applying (2.18) on the domain P0OA2P2 bounded by the ith discontinuous curve
x ¼ xiðtÞ; C˜j ; the ith characteristic passing through A2 and the straight line x ¼
ðlnð0Þ þ d0Þt; we haveZ t2
t0
jwiðt; x˜jðtÞÞjjljðuðt; x˜jðtÞÞÞ  liðuðt; x˜jðtÞÞÞj dt
p
Z y2
lnð0Þþd0
0
jwiðt; ðlnð0Þ þ d0ÞtÞjðlnð0Þ þ d0  liðt; ðlnð0Þ þ d0ÞtÞÞ dt
þ
X
mAS1
Z
Cˆm
jð½wix0mðtÞ  ½wiliðuÞÞ dtj
þ
Z Z
P0OA2P2
Xn
j; k¼1
GijkðuÞwjwk











 dt dx; ð4:44Þ
where S1 stands for the set of all indices m such that the mth discontinuous curve
(shock or contact discontinuity) Cˆm : x ¼ xmðtÞ is partly contained in the domain
P0OA2P2; and
x0mðtÞ ¼
dxmðtÞ
dt
¼
lmðu7Þ as mAI ;
lmðu; uþÞ as mAJ:
(
Noting ieS1 and (2.17), and using (4.3), (4.17), (4.32) and (4.34), we obtainZ t2
t0
jwiðt; x˜jðtÞÞj dt
pC1eþ C2fVNðTÞðW cNðTÞ þ W nJ ðTÞÞ
þ W cNðTÞðW
c
NðTÞ þ W1ðTÞÞg; ð4:45Þ
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henceforth Ci ði ¼ 1; 2;yÞ will denote positive constants independent of y; e and T :
In a similar way we can estimate
R t0
t1
jwiðt; x˜jðtÞÞj dt: Thus, we get
W˜1ðTÞpC3eþ C4fVNðTÞðW cNðTÞ þ W nJ ðTÞÞ
þ W cNðTÞðW
c
NðTÞ þ W1ðTÞÞg: ð4:46Þ
Similarly, we have
W1ðTÞpC5eþ C6fVNðTÞðW cNðTÞ þ W nJ ðTÞÞ
þ W cNðTÞðW
c
NðTÞ þ W1ðTÞÞg: ð4:47Þ
We next estimate W cNðTÞ:
For any given point ðt; xÞADT but ðt; xÞeDTi ði ¼ 1;y; nÞ; by the deﬁnition of D
T
i ;
for ﬁxing the idea we may suppose that
x  lið0Þt > ½d0 þ Zðlnð0Þ  lið0ÞÞt; ð4:48Þ
which implies ion: Let x ¼ x˜iðs; t; xÞ be the ith characteristic passing through ðt; xÞ;
which intersects the boundary x ¼ ðlnð0Þ þ d0Þt of DT at a point ðt0; yÞ:
Noting (4.4), we observe that
x  lið0Þ þ
d0
2
 
tpy  lið0Þ þ
d0
2
 
t0: ð4:49Þ
Since
y ¼ ðlnð0Þ þ d0Þt0; ð4:50Þ
noting (4.48) and tXt0; we obtain from (4.49) that
tXt0XZt: ð4:51Þ
Integrating (2.9) along x ¼ x˜iðs; t; xÞ; we get
wiðt; xÞ ¼wiðt0; yÞ þ
X
mAS2
½wik
þ
Z t
t0
Xn
j; k¼1
gijkðuÞwjwkðs; x˜iðs; t; xÞÞ ds; ð4:52Þ
where S2 denotes the set of all indices m such that the ith characteristic x ¼ x˜iðs; t; xÞ
intersects the mth discontinuous curve (shock or contact discontinuity) x ¼ xmðtÞ at a
point ðtm; xmðtmÞÞ; and ½wim ¼ w
þ
i ðtm; xmðtmÞÞ  w

i ðtm; xmðtmÞÞ: Using Lemma 4.3
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and noting (4.50) and (4.51), we have
jwiðt0; yÞjp k1eð1þ yÞð1þmÞpC7eð1þ t0Þð1þmÞ
pC8eð1þ tÞð1þmÞ: ð4:53Þ
Then, noting (2.11) and ieS2; and using (4.17), (4.34) and (4.51), we obtain from
(4.52) that
W cNðTÞpC9eþ C10fVNðTÞðW cNðTÞ þ W nJ ðTÞÞ
þ W cNðTÞðW
c
NðTÞ þ W˜1ðTÞÞg: ð4:54Þ
We now estimate W nJ ðTÞ:
For any given point ðt; xjðtÞÞ (tA½0; T ; jAJ) on the jth shock x ¼ xjðsÞ; let x ¼
*xjðs; t; xjðtÞ þ 0Þ be the jth characteristic passing through ðt; xjðtÞÞ to the right side of
x ¼ xjðsÞ; which intersects x ¼ ðlnð0Þ þ d0Þt; the boundary of DT ; at a point ðt0; yÞ:
Moreover, we denote the intersection point of x ¼ *xjðs; t; xjðtÞ þ 0Þ with the kth
discontinuous curve (shock or contact discontinuity) x ¼ xkðsÞ ðk ¼ j þ 1;y; nÞ by
(tk; yk).
Proposition 4.1. On the jth characteristic x ¼ *xjðs; t; xjðtÞ þ 0Þ; it holds that
t0pspk0ðljðuˆ ð j1Þ; uˆ ð jÞÞ  ljðuˆ ð jÞÞÞ1t0; 8 sA½t0; t; ð4:55Þ
where k0 is a positive constant independent of y; e and T :
Proof. It follows from (4.4) that
yn  ljð0Þ þ
d0
2
 
tnpy  ljð0Þ þ
d0
2
 
t0 ð4:56Þ
and
lnð0Þ 
d0
2
 
tnpynp lnð0Þ þ
d0
2
 
tn: ð4:57Þ
Then, using (4.50) and noting (4.3) and the fact that tnXt0; we obtain from (4.56)
and (4.57) that
t0ptnpZnt0; ð4:58Þ
nnypynpmny; ð4:59Þ
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where
Zn ¼
lnð0Þ  ljð0Þ  d02
lnð0Þ  ljð0Þ  d0
> 1; nn ¼
lnð0Þ  d02
lnð0Þ þ d0
> 0;
mn ¼
lnð0Þ þ d02
lnð0Þ þ d0
Zn > 0: ð4:60Þ
Similarly, we can prove that there exist positive constants Zk > 1; nk and mk ðk ¼
j þ 1;y; n  1Þ independent of y; e and T such that
tkþ1ptkpZktkþ1; ð4:61Þ
nkþ1ykþ1pykpmkþ1ykþ1: ð4:62Þ
We next estimate t:
By assumption (4.5), we have
lkðu ðkÞÞ ¼ lkðuˆ ðkÞÞ þ Oð
ﬃﬃ
e
p
Þ; 8 kAJ; ð4:63Þ
and for the jth shock x ¼ xjðtÞ it holds that
dxjðtÞ
dt
¼ ljðu ð j1Þ; u ð jÞÞ ¼ ljðuˆ ð j1Þ; uˆ ð jÞÞ þ Oð
ﬃﬃ
e
p
Þ: ð4:64Þ
On the other hand, by the entropy condition we have
ljðuˆ ð jÞÞoljðuˆ ð j1Þ; uˆ ð jÞÞoljðuˆ ð j1ÞÞ: ð4:65Þ
In what follows we prove
tjþ1ptpZj tjþ1; ð4:66Þ
where
Zj ¼
2ðljþ1ð0Þ  ljð0ÞÞ þ 3d0
ljðuˆ ð j1Þ; uˆ ð jÞÞ  ljðuˆ ð jÞÞ
: ð4:67Þ
In fact, it follows from (4.63) that
xjðtÞ  ðljðuˆ ð jÞÞ þ C11
ﬃﬃ
e
p
Þtpyjþ1  ðljðuˆ ð jÞÞ þ C11
ﬃﬃ
e
p
Þtjþ1: ð4:68Þ
On the other hand, by (4.64) we have
xjðtÞXðljðuˆ ð j1Þ; uˆ ð jÞÞ  C12
ﬃﬃ
e
p
Þt: ð4:69Þ
Moreover, since ðtjþ1; yjþ1Þ is on the ð j þ 1Þth discontinuous curve (shock or contact
discontinuity), we have
yjþ1pðljþ1ð0Þ þ d0Þtjþ1: ð4:70Þ
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Thus, it follows from (4.68) to (4.70) that
tp
ljþ1ð0Þ  ljð0Þ þ
3
2
d0  C11
ﬃﬃ
e
p
ljðuˆ ð j1Þ; uˆ ð jÞÞ  ljðuˆ ð jÞÞ  C13
ﬃﬃ
e
p tjþ1: ð4:71Þ
Noting tXtjþ1 and (4.71), we get (4.66) immediately, provided that e5y:
Therefore, it follows from (4.58), (4.61) and (4.66) that there exists a positive
constant k0 independent of y; e and T such that (4.55) holds. This completes the
proof. &
Integrating (2.9) along x ¼ *xjðs; t; xjðtÞ þ 0Þ gives
wjðt; xjðtÞ þ 0Þ ¼wjðt0; yÞ þ
Xn
m¼jþ1
½wjm
þ
Z t
t0
Xn
i; k¼1
gjikðuÞwiwkðs; *xjðs; t; xjðtÞ þ 0ÞÞ ds: ð4:72Þ
Multiplying both sides of (4.72) by ð1þ tÞ1þmðljðu ð j1Þ; u ð jÞÞ  ljðu ð jÞÞÞ and noting
(4.5), (4.55),(4.32), (4.34), (2.11) and (4.17) yields
jð1þ tÞ1þmðljðuˆ ð j1Þ; uˆ ð jÞÞ  ljðuˆ ð jÞÞÞwjðt; xjðtÞ þ 0ÞjpC14Yme
þ C15yfVNðTÞðW cNðTÞ þ W
n
J ðTÞÞ
þ ðW JNðTÞÞ
2 þ W cNðTÞðW
c
NðTÞ þ W˜1ðTÞÞg; ð4:73Þ
provided that e5y; where Y is deﬁned by (4.40).
Similarly, we can estimate jð1þ tÞ1þmðljðuˆ ð j1Þ; uˆ ð jÞÞ  ljðuˆ ð j1ÞÞÞwjðt; xjðtÞ  0Þj:
Thus, we get
W nJ ðTÞpC16Ymeþ C17yfVNðTÞðW cNðTÞ þ W nJ ðTÞÞ
þ ðW JNðTÞÞ
2 þ W cNðTÞðW
c
NðTÞ þ W˜1ðTÞÞg: ð4:74Þ
In a manner similar to (4.74), we can prove
W JNðTÞpC18Yð1þmÞeþ C19fVNðTÞðW cNðTÞ þ W nJ ðTÞÞ
þ ðW JNðTÞÞ
2 þ W cNðTÞðW
c
NðTÞ þ W˜1ðTÞÞg: ð4:75Þ
On the other hand, it follows from assumption (4.5) that
VNðTÞpC20fyþ
ﬃﬃ
e
p
g: ð4:76Þ
We now prove (4.35)–(4.38) and
W˜1ðTÞpk9e; ð4:77Þ
where k9 is a positive constant independent of y; e and T :
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Noting (1.7) and (1.10), we have (see [19])
ju ðiÞx ð0; 0ÞjpC21e ði ¼ 0; 1;y; nÞ; ð4:78Þ
and then,
W cNð0Þ; W
n
J ð0Þ; W
J
Nð0ÞpC22e; W1ð0Þ ¼ W˜1ð0Þ ¼ 0: ð4:79Þ
Hence, by continuity there exist positive constants k4; k5; k6; k7 and k9
independent of y; e and T such that (4.35)–(4.38) and (4.77) hold at least for
0pTpt0; where t0 is a small positive number. Thus, in order to prove (4.35)–(4.38)
and (4.77) it sufﬁces to show that we can choose k4; k5; k6; k7 and k9 in such a way
that for any ﬁxed T0 ð0oT0pTÞ such that
W cNðTÞp2k4e; ð4:80Þ
W1ðTÞp2k5e; ð4:81Þ
W nJ ðTÞp2k6Yme; ð4:82Þ
W JNðTÞp2k7Yð1þmÞe; ð4:83Þ
W˜1ðTÞp2k9e; ð4:84Þ
we have
W cNðTÞpk4e; ð4:85Þ
W1ðTÞpk5e; ð4:86Þ
W nJ ðTÞpk6Yme; ð4:87Þ
W JNðTÞpk7Yð1þmÞe; ð4:88Þ
W˜1ðTÞpk9e: ð4:89Þ
Substituting (4.80)–(4.84) and (4.76) into the right-hand side of (4.46) and (4.47),
(4.54) and (4.74) and (4.75) (in which we take T ¼ T0) gives
W˜1ðTÞpC3eþ 4C4C20yðk4eþ k6YmeÞ; ð4:90Þ
W1ðTÞpC5eþ 4C6C20yðk4eþ k6YmeÞ; ð4:91Þ
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W cNðTÞpC9eþ 4C10C20yðk4eþ k6YmeÞ; ð4:92Þ
W nJ ðTÞpC16Ymeþ 4C17C20y2ðk4eþ k6YmeÞ; ð4:93Þ
W JNðTÞpC18Yð1þmÞeþ 4C19C20yðk4eþ k6YmeÞ; ð4:94Þ
provided that e5y:
Without loss of generality, we may assume that m is so small that
yYmp
ﬃﬃﬃ
y
p
: ð4:95Þ
Hence, if
k4X2C9; k6X2C16; k7X2C18;
k5XC5 þ 4C6C20ðk4 þ k6Þ; k9XC3 þ 4C4C20ðk4 þ k6Þ; ð4:96Þ
then we get (4.85)–(4.89), provided that y is small. This proves (4.35)–(4.38) and
(4.77).
We ﬁnally estimate WNðTÞ:
By the deﬁnitions of W cNðTÞ; W
J
NðTÞ; WNðD
T
7Þ and WNðD
T
0 Þ; it sufﬁces to
estimate jjwiðt; xÞjjLNðDT
i
Þ for every iAI :
For any ﬁxed point ðt; xÞADTi ; let x ¼ x˜iðs; t; xÞ be the ith characteristic passing
through ðt; xÞ; which intersects the boundary of DTi ; for ﬁxing the idea we may
suppose that it intersects x ¼ ½lið0Þ þ d0 þ Zðlnð0Þ  lið0ÞÞt at a point ðt0; yÞ:
Integrating (2.9) along x ¼ x˜iðs; t; xÞ and noting (2.11) and (2.13) leads to
wiðt; xÞ ¼ wiðt0; yÞ þ
Z t
t0
Xn
jak
gijkðuÞwjwkðs; xiðs; t; xÞÞ ds: ð4:97Þ
Then it follows from (4.97) that
jwiðt; xÞjpW cNðTÞ þ C22W cNðTÞðW cNðTÞ þ jjwiðt; xÞjjLNðDTi ÞÞ: ð4:98Þ
Noting (4.35), we obtain
jjwiðt; xÞjjLNðDT
i
ÞpC23e; 8 iAI ; ð4:99Þ
provided that e > 0 is suitably small. Therefore, by (4.32), (4.35), (4.38) and (4.99),
there exists a positive constant k8 independent of y; e and T such that (4.39) holds.
This completes the proof of Lemma 4.5. &
Lemma 4.6. Under the assumptions of Theorem 1.1, for small y > 0 there exists a
constant e0 ¼ e0ðyÞ > 0 so small that for any given eAð0; e0; the generalized Riemann
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problem (1.1) and (1.10) admits a unique global piecewise C1 solution u ¼ uðt; xÞ (see
(1.14)) containing only shocks and contact discontinuities (denoted by
x ¼ xiðtÞ ði ¼ 1;y; nÞ) with small amplitude on tX0: This solution possesses a global
structure similar to that of the similarity solution u ¼ Uðx
t
Þ of the Riemann problem
(1.1) and (1.7).
Proof. Under the assumptions of Theorem 1.1, we observe from (4.39) and (4.76)
that, for small y > 0 there exists a constant e0 ¼ e0ðyÞ > 0 so small that for every
eAð0; e0; on any given existence domain 0ptpT of the piecewise C1 solution u ¼
uðt; xÞ of the generalized Riemann problem (1.1) and (1.10), the piecewise C1 norm of
the solution possesses a uniform a priori estimate independent of T : This leads to the
conclusion of Lemma 4.6 directly (see [19]). &
Lemma 4.7. Under the assumptions of Lemma 4.6, the global piecewise C1 solution
u ¼ uðt; xÞ containing only shocks and contact discontinuities of the generalized
Riemann problem (1.1) and (1.10) satisfies the following estimate:
ju ðiÞðt; xÞ  uˆ ðiÞjpk10e; 8 ðt; xÞAOi ði ¼ 0; 1;y; nÞ; ð4:100Þ
where k10 is a positive constant independent of y; e and ðt; xÞ; Oi ði ¼ 0; 1;y; nÞ are
defined by (1.16).
Proof. Noting (1.10) and (1.13), by a standard asymptotic analysis (e.g. [14]), we can
prove (4.100). Here we omit the details. &
We ﬁnally point out that, when e0 > 0 is suitably small, by (4.100) we have
ju ðiÞðt; xÞ  uˆ ðiÞjpk10eo
ﬃﬃ
e
p
; 8 ðt; xÞAOi ði ¼ 0; 1;y; nÞ:
This implies the reasonableness of hypothesis (4.5).
Proof of Theorem 1.1. Noting the validity of hypothesis (4.5), by Lemma 4.6 and
Lemma 4.7 we obtain the conclusion of Theorem 1.1 immediately. &
5. Conclusions
We have proved the global structure stability of the Lax’s Riemann solution
u ¼ Uðx
t
Þ; containing only shocks and contact discontinuities, of general quasilinear
hyperbolic system of conservation laws. Combining Theorems 1.1 and 1.2 and the
results in [12], we obtain
Conclusion 5.1. The Lax’s Riemann solution of general n  n quasilinear hyperbolic
system of conservation laws is globally structurally stable if and only if it contains only
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non-degenerate shocks and contact discontinuities (that is, each wave is either non-
degenerate shock or non-degenerate contact discontinuity), but no rarefaction waves
and other weak discontinuities.
On the other hand, from the proof of Theorem 1.1 we have
Conclusions 5.2. Suppose that the Lax’s Riemann solution u ¼ Uðx
t
Þ of the Riemann
problem (1.1) and (1.7) contains only n non-degenerate shocks, then the piecewise C1
solution u ¼ uðt; xÞ; containing only n shocks and having a global structure similar to
that of u ¼ Uðx
t
Þ; of the generalized Riemann problem (1.1) and (1.10) exists uniquely
for all time tX0; moreover there exists a positive constant K0 independent of ðt; xÞ such
that
juxðt; xÞjpK0ð1þ tÞð1þmÞ;
namely, the derivatives of the solution decay like ð1þ tÞð1þmÞ:
Proof. By (2.2), the desired estimate comes from (4.32), (4.35) and (4.38)
directly. &
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